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Abstract
We give new examples of noncommutative manifolds. In particular we construct a ‘‘strong’’
deformation of CðS2Þ; consisting of a family of noncommutative 2-spheres, and study their
analytic and topological properties.
r 2003 Elsevier Inc. All rights reserved.
1. Introduction
It is useful for noncommutative geometry to construct new examples of
noncommutative manifolds, beyond the celebrated noncommutative tori and the
Moyal products, which are obtained by ‘‘deforming’’ the commuting product of
functions on the manifold.
The word ‘‘deformation’’ is commonly used in various mathematical contexts. The
famous paper of K. Kodaira and D.C. Spencer on deformation of complex
manifolds marks one of the early appearances of word ‘‘deformation’’ in the
literature [6]. Given a ﬁbration p : X-S with the ﬁbers being complex manifolds,
if we set Vs ¼ p1ðsÞ; then ðVsÞ is a parametrized family of complex manifolds.
Then (roughly speaking) this is a deformation of the complex manifold Vs0 for
(any) ﬁxed value s0 of the parameter. Although the complex structures of Vs vary
with s; the underlying CN structures remain the same; in particular they have the
same topological data. With this picture in mind, we introduce the following
deﬁnition.
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Deﬁnition 1.1. Let A be a C-algebra. A deformation of A is given by a continuous
ﬁeld of C-algebras ðAtÞ over ½0; eÞ for some e40 such that (1) A0 ¼ A; (2) At has the
same K-theory as A0:
When there exists a sequence ðtjÞ with lim tj ¼ 0 such that Atj is not isomorphic to
A; we say that the deformation ðAtÞ is nontrivial.
The work of M.A. Rieffel in his study of continuous ﬁelds of C-algebras and of
deformation quantization is seminal to this area of investigation, see [11–15].
We give three examples of deformations.
Example 1.2. The noncommutative 2-tori ðT2yÞ:
The abelian C-algebra CðT2Þ of the 2-torus T2 may be regarded as the universal
C-algebra generated by two mutually commuting unitaries. Introducing noncom-
mutative relations U1U2 ¼ expðiyÞU2U1 among the generators yields the rotation
algebras T2y: These C
-algebras are often called noncommutative 2-tori, or deformed
2-tori, and have been much studied. For a discussion of T2y see [13–15].
Example 1.3. The C-algebra C0ðR2Þ is generated by two commuting self-adjoint
unbounded operators. The Weyl quantization (and the Kohn–Nirenberg quantiza-
tion) each yields a one-parameter deformation of C0ðR2Þ; where At ¼KðL2ðRÞÞ for
t40: These deformations induce a noncommutative product, called the Moyal
product, on the space of certain smooth functions on R2 [15].
In these examples the relations on the generators which deﬁne the initial algebras
are changed to noncommutative relations resulting in a deformation of the abelian
C-algebras.
It is also possible to obtain deformations of a C-algebra which are not given by
generators and relations, as in the following.
Example 1.4. There exists a nontrivial deformation of CðSÞ where S is an arbitrary
closed orientable surface of genus greater than one [7].
Deﬁnition 1.5. We will call ðAtÞ a strong deformation of the C-algebra A; if ðAtÞ is
obtained by altering relations on the generators of A; as follows.
Let A be a C-algebra characterized as the universal C-algebra generated by
x1;y; xk subject to the algebraic relations
R1ðx1;y; xk; x1;y; xkÞ ¼ 0;y; Rjðx1;y; xk; x1;y; xkÞ ¼ 0:
Assume that there exist one-parameter families Rt1;y; R
t
j of relations such that
R01 ¼ R0;y; R0j ¼ Rj ; and assume that each At is the universal C-algebra generated
by k generators subject to the relations Rt0 ¼ 0;y; Rtj ¼ 0 for 0ptoe for some e40:
ARTICLE IN PRESS
T. Natsume, C.L. Olsen / Journal of Functional Analysis 202 (2003) 363–391364
If also ðAtÞ is a nontrivial deformation of A in the sense of Deﬁnition 1.1, then we say
ðAtÞ is a strong deformation of the C-algebra A:
Examples 1.3 and 1.4 are strong deformations of CðT2Þ and C0ðR2Þ; respectively.
Example 1.6. A ‘‘quantum 2-sphere’’ introduced by Podles [10] with its structure
analyzed by Sheu [16] proves to be an example of a strong deformation of CðS2Þ:
Let Sþ (resp. S) be the northern (resp. southern) hemisphere, and let S1 ¼
Sþ-S be the equator. Then CðS2Þ is a pull-back C-algebra characterized by the
diagram:
CðS2Þ - CðSþÞ
k k
CðSÞ - CðS1Þ
The hemispheres Sþ; S are topologically isomorphic to the closed 2-disk D:
Substituting a weighted unilateral shift for the generator of CðDÞ deforms CðDÞ to
the Toeplitz algebra Tmc [5]. Then the pull-back construction gives a family of C
-
algebras CðS2mcÞ:
CðS2mcÞ - Tmc
k k
Tmc - CðS1Þ:
The sequence
0-C0ðDÞ-CðDÞ-CðS1Þ-0
becomes
0-K-Tmc-CðS1Þ-0;
and the pull-back induces the short exact sequence
0-K"K-CðS2mcÞ-CðTÞ-0;
[16]. The C-algebras CðS2mcÞ with parameter m satisfy our deﬁnition for a strong
deformation of CðS2Þ:
In the present paper we construct a different natural strong deformation of CðS2Þ:
Regard CðS2Þ as the universal C-algebra generated by three mutually commuting
self-adjoint elements x; y; z subject to the relation: x2 þ y2 þ z2 ¼ 1: Alternatively, set
z ¼ x þ iy; so that CðS2Þ is the universal C-algebra generated by a normal element
z and a commuting self-adjoint element z subject to the relation zzþ z2 ¼ 1:
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Deﬁnition 1.7. The noncommutative 2-sphere S2t is deﬁned to be the universal C
-
algebra generated by zt and a self-adjoint element zt subject to the relations:
(1) zt zt þ z2t ¼ 1;
(2) ztzt  ztzt ¼ t ztð1 z2t Þ;
(3) ztz

t þ ðt ztzt þ ztÞ2 ¼ 1:
To establish that this deﬁnition is not vacuous, we construct an example, At; in
Section 2, and prove:
Theorem 2.2. The C-algebra At with generator zt and self-adjoint zt has the universal
property for relations (1)–(3). Hence the noncommutative 2-sphere S2t does exist for
0pto1
2
:
In Section 3 we construct a short exact sequence to determine the type of the C-
algebras ðS2t Þ and to compute traces. This will show that these algebras differ from
the CðS2mcÞ of [10,16]. We prove:
Theorem 3.5. The family ðS2t Þ is a strong deformation of CðS2Þ:
The K-theory of the ðS2t Þ is computed in Section 4. Generators for the K-groups are
exhibited along with a natural geometric interpretation related to the Bott projection.
A recent paper by Connes and Landi [2] applies Rieffel’s method of [14] to study
deformations of CðMÞ where M is a compact Riemannian spin manifold. The group
of isometries IsomðMÞ is a compact Lie group. The dimension of the maximal
abelian subgroup of IsomðMÞ is called the rank of M: Connes and Landi construct
deformations of CðMÞ for M of rank greater than or equal to 2. Since IsomðS2Þ ¼
Oð3Þ; the rank of S2 is one, so that their method does not work for the standard S2
studied in this paper.
The family ðS2t Þ together with linear maps ðptÞ which will be constructed in Section
5 deﬁnes a strict quantization (Deﬁnition 5.1) of the 2-sphere with a Poisson
structure degenerate on the north and the south poles. Observe that the relation
ztzt  ztzt ¼ tztð1 z2t Þ required in Deﬁnition 1.7 above is closely related to such a
structure. Note that the quantum 2-spheres of Podles give a strict quantization of S2
with a Poisson structure degenerate along the equator [16].
2. Construction
Let i be he canonical inclusion S2CR3: The standard SO(3)-invariant volume
form is
o0 ¼ iðx dy4 dz  y dx4 dz þ z dx4dyÞ:
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In cylindrical coordinates, o0 ¼ dz4dy: Thus
L2ðS2;o0ÞDL2ð½1; 1; dzÞ#L2ðS1; dyÞ:
Via the Fourier transform, identify L2ðS1; dyÞ with c2ðZÞ: Consider the C-algebra
Cð½1; 1Þ#CðZÞ acting on L2ð½1; 1; dzÞ#c2ðZÞ: Denote by U the canonical
unitary in CðZÞ corresponding to the generator 1AZ: Using the isomorphisms of
Hilbert spaces above, CðS2Þ can be identiﬁed with the C-subalgebra of
Cð½1; 1Þ#CðZÞ generated by z ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p
#U and z#1:
We wish to deform CðS2Þ by using a suitable crossed product. Set I ¼ ½1; 1: For
tX0; deﬁne a map ft : I-I by
ftðzÞ ¼ tz2 þ z  t:
If 0pto1
2
; then ft is a homeomorphism. Denote the associated automorphism of
CðIÞ by at; i.e.,
atð f Þ ¼ f 3 f1t ; fACðIÞ:
Consider the crossed product CðIÞsatZ; and let Ut be the canonical unitary,
corresponding to 1AZ: Set
zt ¼ zACðIÞsatZ
and
zt ¼ Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
ACðIÞsatZ:
Let At be the C
-algebra generated by zt and zt in the crossed product CðIÞsatZ:
From the deﬁnition of the crossed product, we get:
atðztÞ ¼ UtztUt ;
a1t ðztÞ ¼ Ut ztUt ¼ tz2t þ zt  t;
zt ¼ ata1t ðztÞ ¼ tUtz2t Ut þ UtztUt  t:
Proposition 2.1. The elements zt and zt satisfy relations (1)–(3) of Definition 1.1.
Proof. As for (1),
zt zt ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
Ut Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
¼ 1 z2t :
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As for (2),
ztzt  ztzt ¼Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
zt  UtðUt ztUtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
¼Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
zt  Utða1t ðztÞÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
¼Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
zt  Utðtz2t þ zt  tÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
q
¼ tztð1 z2t Þ:
Finally, for relation (3), ﬁrst of all we have
ztz

t ¼ Utð1 z2t ÞUt ¼ 1 Utz2t Ut :
Since zt ¼ tUtz2t Ut þ UtztUt  t; we have Utz2t Ut ¼ 1tðzt þ t  UtztUt Þ: Then ztzt ¼
1 1
t
ðzt þ t  UtztUt Þ: Therefore tztzt ¼ UtztUt  zt: Thus UtztUt ¼ tztzt þ zt:
Consequently,
ðtztzt þ ztÞ2 ¼ Utz2t Ut ¼ 1 ztzt ;
hence relation (3) holds. &
The main result of this section is the following.
Theorem 2.2. The C-algebra At with generators zt and self-adjoint zt has the universal
property for relations (1)–(3). Hence the noncommutative 2-spheres S2t do exist for
0pto1
2
:
Proof. Let at; bt be bounded operators on a Hilbert spaceH; where bt is self-adjoint
and satisfying the relations:
(1) at at þ b2t ¼ 1;
(2) atbt  btat ¼ tatð1 b2t Þ;
(3) ata

t þ ðtatat þ btÞ2 ¼ 1; for 0pto12:
To establish the desired universal property for At we need to show the existence of
a -homomorphism from At to the C-algebra generated by at and bt which sends zt
to at and zt to bt: The proof proceeds by a reduction to the universal property of the
crossed product. We ﬁrst require an intermediate result:
Lemma 2.3. Let at ¼ utjatj be the polar decomposition of at: Then ut extends to a
unitary operator u˜t; where
u˜t btu˜t ¼ tb2t þ bt  t:
ARTICLE IN PRESS
T. Natsume, C.L. Olsen / Journal of Functional Analysis 202 (2003) 363–391368
Proof. Using (1) we see that
at ¼ ut
ﬃﬃﬃﬃﬃﬃﬃﬃ
at at
p ¼ ut ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 b2tq : &
Claim. The operator bt commutes with ata

t :
Proof. From (3) it follows that
jtatat þ btj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atat
p
:
This means that jtatat þ btj is in the C-algebra generated by atat : Hence any
spectral projection (in BðHÞ) for atat commutes with jtatat þ btj:
Let H0 be the 0-eigenspace for tata

t þ bt; and let Hþ (resp. H) be the supremum
of positive (resp. negative) spectral subspaces for tata

t þ bt: Deﬁne StABðHÞ by
St ¼
0 on H0;
1 on Hþ;
1 on H:
8><>:
Then St is a ‘‘partial symmetry’’; that is, S
2
t ¼ p is a projection, and St ¼ St: The
polar decomposition of tata

t þ bt is given by
tata

t þ bt ¼Stjtatat þ btj
¼St
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atat
p
¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 atatp St;
since tata

t þ bt is self-adjoint.
Hence St commutes with any spectral projection for
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 atat
p
; and for 1 atat ;
and for ata

t : It follows that any spectral projection for ata

t commutes with tata

t þ
bt; and hence with bt: Thus ata

t commutes with bt; proving the claim. &
Proof of Lemma 2.3 (Conclusion). Now to extend ut to a unitary u˜t: Since ata

t and
bt commute, relation (3) becomes
ata

t þ t2ðatat Þ2 þ 2tbtatat þ b2t ¼ 1: ð3Þ
Hence
ð1þ t2atat þ 2tbtÞatat ¼ 1 b2t :
From (1),
at at ¼ 1 b2tX0;
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so 1Xb2t ; and since bt is self-adjoint, we get jjbtjjp1: Then for to12; we get jj2tbtjjo1;
whereas 1þ t2ðatat ÞX1: We conclude that 1þ t2atat þ 2tbt is invertible, and hence
kerð1 b2t Þ ¼ ker atat :
From properties of the polar decomposition, we know
ker ut ¼ ker jatj ¼ ker at at ¼ kerð1 b2t Þ
and ker ut ¼ ker jat j ¼ ker atat ; so we conclude ker ut ¼ ker ut :
Let e denote the projection onto ker ut; and extend ut to a unitary u˜t by deﬁning
u˜t ¼ ut þ e: We have
ut ut þ e ¼ 1 ¼ utut þ e:
Finally, we must show u˜t btu˜t ¼ tb2t þ bt  t: Using at ¼ u˜t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
p
; relation (2)
becomes
u˜t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
q
bt  btu˜t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
q
¼ tu˜tð1 b2t Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
q
:
Hence
ðu˜tbt  btu˜t  tu˜tð1 b2t ÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
q
¼ 0:
Multiplying on the left by u˜t gives
ðbt  u˜t btu˜t  tð1 b2t ÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
q
¼ 0:
Recall that the polar decomposition for at is at ¼ ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
p
: Thus the operatorﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
p
maps the range of ut ut injectively into itself with dense range, and we can
conclude that
ðbt  u˜t btu˜t  tð1 b2t ÞÞut ut ¼ 0:
Since e is the projection onto the kernel of
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
p
; where bt is self-adjoint, we have
e ¼ e1 þ e1 where ej is the projection onto the j-eigenspace of bt: Thus
ðbt  u˜t btu˜t  tð1 b2t ÞÞe ¼ðbt  u˜t btu˜tÞe
¼ðbt  u˜t btu˜tÞe1 þ bt  u˜t btu˜t
 	
e1
¼ bte1  u˜t bte1 þ bte1  u˜t bte1
¼ e1  u˜t e1  e1 þ u˜t e1
¼ e1  e1  e1 þ e1
¼ 0:
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Since ut ut þ e ¼ 1; we get
bt  u˜t btu˜t  tð1 b2t Þ ¼ 0:
Hence
u˜t btu˜t ¼ tb2t þ bt  t
as desired, completing the proof of the Lemma 2.3. &
Proof of Theorem 2.2 (Conclusion). Proceeding to verify the universal property for
At; we regard the abelian C
-algebra generated by 1 and bt as identiﬁed with CðKÞ;
where K is a compact subset of ½1; 1: From the Lemma 2.3 we see
u˜t CðKÞu˜tCCðKÞ:
Furthermore we can show this containment is equality by solving for an element
ftACðKÞ such that u˜t ftu˜t ¼ bt; the generator for CðKÞ:
From the equality u˜t btu˜t ¼ tb2t þ bt  t; it follows
tb2t þ bt ¼ t þ u˜t btu˜t:
Multiply 4t on both sides and add 1 to get
1þ 4t2b2t þ 4tbt ¼ 1þ 4t2 þ 4tu˜t btu˜t:
Thus,
ð1þ 2tbtÞ2 ¼ u˜t ð1þ 4t2b2t þ 4tbtÞu˜t:
Then,
u˜tð1þ 2tbtÞ2u˜t ¼ 1þ 4t2b2t þ 4tbt:
Since 1þ 2tbtX0 and 1þ 4t2b2t þ 4tbtX0; we get
u˜tð1þ 2tbtÞu˜t ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4t2 þ 4tbt
p
:
Hence
u˜tbtu˜

t ¼
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4t2 þ 4tbt
p
2t
:
We conclude that u˜t CðKÞu˜t ¼ CðKÞ; and (equivalently) u˜tCðKÞu˜t ¼ CðKÞCBðHÞ:
By construction, At is the C
-algebra generated by zt and zt in the crossed product
CðIÞsatZ: By the universal property of this crossed product, the correspondence
Ut/u˜t; zt/bt extends to a -homomorphism
CðIÞsatZ-CðKÞsatZCBðHÞ:
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The element zt ¼ Utjztj ¼ Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
p
is mapped to u˜t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 b2t
p ¼ at: Hence this -
homomorphism extends the correspondence zt/at; zt/bt to a -homomorphism
At ¼ Cðzt; ztÞ-Cðat; btÞCBðHÞ:
The proof of Theorem 2.2 is complete. &
This establishes the existence of the noncommutative 2-spheres At for 0pto12:
Furthermore, we have the following:
Theorem 2.4. The noncommutative sphere S2t is isomorphic to the C
-algebra
At; 0pto12:
3. Analytic properties of S2t
In this section we develop and apply analytic properties of the noncommutative
2-spheres. Construction of a short exact sequence determines the type of the C-
algebras ðS2t Þ and allows the computation of ﬁnite normalized traces. This
characterization of possible traces in turn will distinguish the 2-spheres ðS2t Þ from
the C-algebras CðS2mcÞ:
We observe that the collection ðS2t Þ has the structure of a continuous ﬁeld of C-
algebras over ½0; 1
2
Þ with ðztÞ and ðztÞ being continuous sections, and show that this
ﬁeld restricted to ð0; 1
2
Þ is trivial (in particular, S2t and S2s are isomorphic for t; s40Þ:
Finally we show that the family ðS2t Þ is a strong deformation of CðS2Þ:
We start with the short exact sequence:
0-C0ðð1; 1ÞÞ-CðIÞ-C2-0;
where the map CðIÞ-C2 evaluates functions at f71g: The homeomorphism ft ﬁxes
these endpoints, so the Z-action on CðIÞ preserves the ideal C0ðð1; 1ÞÞ: Hence there
exists an exact sequence:
0-C0ðð1; 1ÞÞsatZ-CðIÞsatZ-C2#CðZÞ-0: ðÞ
Denote by p the surjection CðIÞsatZ-C2#CðZÞ: Recall that S2tCCðIÞsatZ:
Proposition 3.1. The restriction of p onto S2t induces a short exact sequence:
0-C0ðð1; 1ÞÞsatZ-S2t-C2-0:
Proof. In the unrestricted sequence ðÞ; we have pð ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 z2tp Þ ¼ 0; so that pðztÞ ¼ 0:
Therefore pðS2t Þ is generated by pðztÞ: Hence pðS2t Þ ¼ C2CC2#CðZÞ:
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Now reading in the restricted sequence, let J be the kernel of p : S2t-C
2: For any
fACcðð1; 1ÞÞ we know that
f
1 z2t
ACcðð1; 1ÞÞ:
Since zt zt ¼ 1 z2tAJ; we have that
f ¼ f
1 z2t
ð1 z2t ÞAJ;
for any fACcðð1; 1ÞÞ: Therefore Ccðð1; 1ÞÞCJ: By a similar argument,
Utf ¼ zt
fﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
p AJ:
We have
UtgUtf ¼ U2t ðUt gUtÞf ¼ U2t ða1t ðgÞÞf ¼ U2t ðg 3 ftÞf :
For a given fACcðð1; 1ÞÞ; we can choose a gACcðð1; 1ÞÞ such that g 3 ft ¼ 1 on
the support of f : So ðg 3 ftÞf ¼ f : Thus U2t fAJ:
By an induction we can show that for any m40; the element Umt f belongs to J for
any fACcðð1; 1ÞÞ: Since the ideal J is self-adjoint, we know that ðUt ÞmfAJ for any
m40 and fACcðð1; 1ÞÞ: Consequently, any ﬁnite sum of the form
SfmUmt ; fmACcðð1; 1ÞÞ; mAZ;
belongs to the ideal J: Thus
C0ðð1; 1ÞÞsatZCJ:
Clearly JCker p ¼ C0ðð1; 1ÞÞsatZ: The conclusion follows, and the proof is
complete. &
Corollary 3.2. The C-algebra S2t is of type I, for each t:
Proof. The homeomorphism ft (which implements at) restricted to the open interval
ð1; 1Þ is topologically conjugate to the translation by 1 on R: Hence
C0ðð1; 1ÞÞsatZDCðS1Þ#Kðc2ðZÞÞ;
[11]. Thus S2t is an extension of a type I algebra by a type I algebra. Hence S
2
t itself is
of type I. &
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Remark 3.3. The ﬁnite normalized traces on ðS2t Þ can now be computed, and used to
show that the S2t are not isomorphic to the noncommutative 2-spheres CðS2mcÞ
(described in Example 1.5).
We consider the possible existence of characters of S2t ; using the short exact
sequence of Proposition 3.1.
The evaluations at the endpoints71 of the interval I are Z-invariant and give rise to
homomorphisms to C#CðZÞ; from CðIÞsatZ; whose restrictions onto S2t are
characters, i.e., nonzero homomorphisms to C; denoted w7: As we have remarked
above, C0ðð1; 1ÞÞsatZ is isomorphic to CðS1Þ#Kðc2ðZÞÞ: The latter C-algebra
does not possess a character. Therefore the only characters of S2t are the characters w7:
The C-algebras CðS2mcÞ of Podles described in Example 1.5 are proved by Sheu
[16] to be mutually isomorphic for parameters jmjo1 and c40: Using the exact
sequence
0-K"K-CðS2mcÞ-CðTÞ-0;
we can now contrast the structures of S2t and CðS2mcÞ: We see from this sequence that
CðS2mcÞ has inﬁnitely many (mutually distinct) characters; one for each point of T:
On the other hand, the C-algebra S2t admits only two characters, and hence
cannot be isomorphic to CðS2mcÞ:
Proposition 3.4. The collection ðS2t Þ has the structure of a continuous field of C-
algebras over ½0; 1
2
Þ in such a way that ðztÞ; ðztÞ are continuous sections.
Proof. By [12], we know that the family ðCðIÞsatZÞ has the structure of a
continuous ﬁeld of C-algebras over ½0; 1
2
Þ; and that the vector ﬁelds t/zt; t/zt are
continuous. Therefore the -subalgebra of vector ﬁelds generated by ðztÞ; ðztÞ satisﬁes
the hypotheses of Proposition 10.2.3 of [3] for the family ðS2t Þ; whereby the result
follows. &
Obviously the noncommutative S2t for t40 are not isomorphic to CðS2Þ: We now
compare S2t ’s for various t40:
Proposition 3.5. The field ðS2t Þ restricted onto ð0; 12Þ is trivial. In particular, for t; s40;
the C-algebras S2t ; S
2
s are isomorphic.
Proof. Deﬁne a homeomorphism ht : ½0;f11=4ð0Þ-½0;f1t ð0Þ by
htðxÞ ¼ f
1
t ð0Þ
f11=4ð0Þ
x; xA½0;f11=4ð0Þ:
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Then ht extends to a homeomorphism, denoted ht also, of ½1; 1 onto itself such that
ft 3 ht ¼ ht 3 f1=4: The homeomorphism ht deﬁnes a -isomorphism
hˆ t : CðIÞsatZ-CðIÞsa1=4Z:
We show that hˆ tðS2t Þ ¼ S21=4: The hˆ t will send CðIÞ to CðIÞ and Ut to U1=4: Denote
hˆ tðztÞ ¼ gðz1=4ÞAS21=4: Then hˆ tðztÞ ¼ U1=4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 gðz1=4Þ2
q
; so that
hˆ tðztÞ ¼ U1=4
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 gðz1=4Þ2
q
AC0ðð1; 1ÞÞsa1=4Z:
From the short exact sequence of Proposition 3.1 we see the ideal C0ðð1; 1ÞÞsa1=4Z
is contained in S21=4: Thus hˆ tðztÞAS21=4 (and so is the other generator hˆ ðztÞ), so that
hˆ tðS2t ÞCS21=4:
Repeating the argument with dh1t ¼ bht1; we get bht1ðS21=4ÞCS2t : Thus
S21=4 ¼ hˆ t bht1ðS21=4ÞChˆ ðS2t Þ:
We have hˆ tðztÞ ¼ htðzÞACðIÞ; and hˆ tðztÞ ¼ hˆ tðUt
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
p Þ ¼ U1=4 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 htðzÞ2q :
From this it follows that t/hˆ tðztÞ; t/hˆ tðztÞ are norm-continuous functions on
ð0; 1
2
Þ into S21=4: This implies that the ﬁeld ðS2t Þ is trivial on ð0; 12Þ; since ðztÞ and ðztÞ are
generating sections of the ﬁeld. &
Theorem 3.6. The family ðS2t Þ is a strong deformation of CðS2Þ:
Proof. This follows from Propositions 3.4 and 4.1 (in the next section) which
establishes the K-theory. &
This concludes the Section 3.
4. Topological properties of S2t
In this section we compute the K-theory of the noncommutative spheres, and
exhibit two generators.
For facts about the K-theory of C-algebras, see [18].
Proposition 4.1. The K-theory of the noncommutative spheres S2t ; 0oto12 is given by
K0ðS2t ÞDZ2 and K1ðS2t Þ ¼ 0:
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Proof. Applying the six-term exact sequence [18, Theorem 9.3.2] to the sequence
from Proposition 3.1, we get an exact sequence of K-groups:
Z - K0ðS2t Þ - K0ðC2ÞDZ2
m k
0 ’ K1ðS2t Þ ’ K1ðC0ðð1; 1ÞÞsatZÞ:
To determine K0ðS2t Þ and K1ðS2t Þ we analyze the connecting map
d : Z2DK0ðC2Þ-K1ðC0ðð1; 1ÞÞsatZÞDZ:
Let p and q be the projections in C2:
p ¼ ð1; 1Þ; q ¼ ð1; 0Þ:
Referring to 3.1, since pð1Þ ¼ p; we have that dð½pÞ ¼ 0: The function f ðzÞ ¼ zþ1
2
in
CðIÞCS2t is self-adjoint, and pð f Þ ¼ ð1; 0Þ (where the ﬁrst coordinate is evaluation at
+1, the second coordinate at 1). Set
u ¼ e2pif ¼ e2piðzþ12 Þ ¼ epiðzþ1Þ:
Then by deﬁnition, dð½qÞ ¼ ½u: Using the Pimsner–Voiculescu exact sequence for
crossed products [18, p. 171] it is routine to check that the class ½u is a generator of
ZDK1ðC0ðð1; 1ÞÞsatZÞ: Hence the map d : Z2-Z is surjective. From the exactness
of the six-term sequence we conclude K0ðS2t ÞDZ2; and K1ðS2t Þ ¼ 0; completing the
proof. &
Discussion 4.2. We explore the nature of the two generators for K0ðS2t ÞDZ2:
One of the generators of K0ðS2t Þ is the class of unit. Another generator is given by
the image of a generator of K0ðC0ðð1; 1ÞÞsatZÞ under the map
ZDK0ðC0ðð1; 1ÞÞsatZÞ-K0ðS2t Þ:
Hence the second generator is given by a Rieffel projection (for explanation, see [9]).
We now analyze the second generator from a more geometric perspective.
Consider ﬁrst the commutative algebra CðS2Þ: The K0-group is
K0ðCðS2ÞÞDK0ðC"C0ðR2ÞÞDZ"K0ðC0ðR2ÞÞDZ"Z;
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where the Bott projection
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 jwj2
q %wﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 jwj2
q
wﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 jwj2
q jwj2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 jwj2
q
0BBBBB@
1CCCCCA; wAC;
is a well-known generator for K0ðC0ðR2ÞÞ [18, p. 177]. Now employ the stereographic
projection
S2\fNorth poleg-C
ðx; y; zÞ/x þ iy
1 z :
Setting w ¼ xþiy
1z ; we see that the Bott projection can be pulled back to be a
projection e0:
e0 ¼ 1
2
1 z x  iy
x þ iy 1þ z
 !
¼ 1
2
1 z z
z 1þ z
 !
:
Thus the K-group K0ðCðS2ÞÞ is spanned by the class of unit 1, and the class of e0:
The meaning of e0 is the following. Consider the closed (densely deﬁned
unbounded) operator
D ¼ x þ iy
1 z ¼
z
1 z
acting on L2ðS2Þ by pointwise multiplication. The projection e0 is precisely the
graph projection of D; i.e., the orthogonal projection of L2ðS2Þ"L2ðS2Þ onto the
graph of D:
Pass now to the noncommutative analogue and deﬁne a closed operator Dt on
L2ð½1; 1Þ#c2ðZÞ using the generators for S2t :
Dt ¼ zt
1
1 zt ¼ Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2t
p
1 zt ¼ Ut
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ zt
1 zt
s
:
The graph projection of Dt is given by
et ¼
ð1þ Dt DtÞ1 ð1þ Dt DtÞ1Dt
Dtð1þ Dt DtÞ1 Dtð1þ Dt DtÞ1Dt
 !
;
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a straightforward computation shows et is a projection, whose range is the graph of
Dt: Routine computations show
ð1þ Dt DtÞ1 ¼
1 zt
2
ð1þ Dt DtÞ1Dt ¼
zt
2
Dtð1þ Dt DtÞ1Dt ¼
1þ atðztÞ
2
:
Thus
et ¼ 1
2
1 zt zt
zt 1þ atðztÞ
 !
;
and we see that the projection et belongs to M2ðS2t Þ:
Proposition 4.3. The K-group K0ðS2t ÞDZ2; 0oto12 is generated by the class of unit
and the class of et:
Proof. Clearly t/et is a continuous ﬁeld of projections. To outline the proof that
the class of et and that of the unit span K0ðS2t ÞDZ2 we use arguments developed by
the authors in [9]. One can construct Rieffel projections qtAC0ðð1; 1ÞÞsatZ in such
a way that the correspondence t/qt; 0oto12 is a continuous section of the ﬁeld
ððS2t ÞÞ: For each t; ½1 and ½qt are generators of K0ðS2t Þ; so it is enough to verify that
½qt can be expressed in terms of ½et and [1]. The argument in [9, Lemma 5.1] says
that 1 qt is equivalent to a projection QtAM2ððC0ðð1; 1ÞÞsatZÞ˜Þ: The method of
constructing Qt; 0oto12 guarantees that ðQtÞ is a continuous section. Moreover, the
construction implies that t/Qt extends to a continuous path on ½0; 12Þ: In particular
the limit Q0 is in M2ðCðS2ÞÞ: Since K0ðCðS2ÞÞ is spanned by ½e0 and [1], we have
½Q0 ¼ k½e0 þ c½1; for some k; cAZ: Then one can obtain that the relation
½Qt ¼ k½et þ c½1
holds for 0ptoe; where this follows from a general fact about continuous ﬁelds of
C-algebras:
Proposition 4.4. Let ðBtÞ be a continuous field of unital C-algebras over ½0; dÞ: Let
ðpð1Þt Þ;y; ðpðkÞt Þ be continuous sections of ðBtÞ with each pðjÞt being a projection.
Consider the equation
n1½pð1Þt  þ?þ nk½pðkÞt  ¼ 0
in K0ðBtÞ:
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If the equation above holds for t ¼ 0; then it holds for 0ptoepd for
some e40:
We defer the proof of this proposition to Section 6.
Since the ﬁeld ðS2t Þ is trivial (by Proposition 3.5) the desired relation ½Qt ¼ k½et þ c½1
does hold for all 0pto1
2
: Thus ½et and [1] span K0ðS2t ÞDZ2; as desired. &
5. A strict quantization of a Poisson S2
The deformation theory of complex manifolds is analytic in nature. As an
algebraic counterpart M. Gerstenhaber introduced formal deformation on (com-
mutative) algebras [4]. Motivated by the latter, Bayer et al. [1] studied deformation
quantization of symplectic manifolds. Let ðM;OÞ be a symplectic manifold. The
space CNðMÞ of CN-functions has the structure of a Lie algebra under the Poisson
bracket associated with the symplectic structure.
Recall that a -product is an associative product on the space of formal power
series CNc ðMÞ½½t; of the form
f  g ¼
XN
i;j;k
tiþjþk Cið fj; gkÞ for f ¼
X
tkfk; g ¼
X
t jgj;
satisfying
1. C0ð f ; gÞ ¼ fg; C1ð f ; gÞ ¼ 12 f f ; gg;
2. Cjð; Þ is a bidifferential operator.
The space CNðMÞ½½t equipped with a -product is called a deformation quantization
of M: In other words, a deformation quantization is a formal deformation of the
commutative algebra CNðMÞ in the direction of the Poisson bracket.
This -product involves formal power series, and ignores the issue of convergence.
This is an important notion for the study of symplectic manifolds in the context of
mathematical physics. However the absence of convergence considerations in this
context precludes completion for nonzero values of the parameter. Thus it precludes
the existence of what would be the resulting noncommutative C-algebras. In this
sense, the algebraic deformation quantization lacks interest from the viewpoint of
operator algebras. M. Rieffel introduced an analytic version of deformation
quantization in [13], embracing important examples such as the noncommutative
tori. Other examples such as ﬁelds of Toeplitz algebras are excluded, but are included
in the more general notion of strict quantization introduced in [8].
Deﬁnition 5.1. By a strict quantization of a Poisson manifold M; we mean a
continuous ﬁeld of C-algebras ðAtÞ over ½0; eÞ for some e40 equipped with linear
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maps pt : CNc ðMÞ-At; tA½0; eÞ satisfying the conditions:
(1) A0 ¼ C0ðMÞ; and p0 is the canonical inclusion of CNc ðMÞ into A0;
(2) for every fACNc ðMÞ; the vector ﬁeld ðptð f ÞÞ is continuous,
(3) jj 1
it
ðptð f ÞptðgÞ  ptðgÞptð f ÞÞ  ptðf f ; ggÞjj-0 as t-0 for any ﬁxed f and g in
CNc ðMÞ; and
(4) the C-algebra generated by the linear subspace ptðCNc ðMÞÞ is dense in At for
every t: If M is compact, the C-algebra At is unital.
Condition (3) of the deﬁnition above is referred to as the Correspondence Principle.
The standard SO(3)-invariant volume form o0 is a symplectic form. Denote by
f ; g0 the associated Poisson bracket. Deﬁne a skew-symmetric bilinear form f ; g by
f f ; gg ¼ ð1 z2Þf f ; gg0; f ; gACNðS2Þ:
It is straightforward to verify that f ; g is indeed a Poisson bracket. In cylindrical
coordinates,
fa; bg ¼ ð1 z2Þ @a
@z
@b
@y
 @a
@y
@b
@z
 
:
We compute this Poisson bracket for some basic examples:
fz; zg ¼ ið1 z2Þz;
fz; zg ¼ ið1 z2Þz;
fz; zg ¼ 2ið1 z2Þz:
Theorem 5.2. The Poisson manifold ðS2; f ; gÞ has a strict quantization fðpt; AtÞg in
such a way that pt’s are -preserving. More precisely, there exist -preserving linear
maps pt : CNðS2Þ-S2t such that fðpt; S2t Þg is a strict quantization with respect to the
Poisson structure f ; g:
We devote the rest of the section to the proof of Theorem 5.2, which will be
divided into several steps. The ﬁrst step is to deﬁne the quantization map pt on the
basis elements. The second step is to show that this map extends to a -preserving
map from CNðS2Þ to S2t ; where the image generates S2t : The third step is to verify the
Correspondence Principle.
Step 1: Let D be the Laplacian acting on smooth functions, associated with the
SOð3Þ-invariant Riemannian metric. It is well known that D; as an unbounded
operator on L2ðS2Þ; has a discrete spectrum and that its eigenfunctions form a
complete orthonormal basis. The eigenfunctions can be explicitly described in
cyclindrical coordinates.
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For n ¼ 0; 1;y; let Pn be the Legendre polynomial
PnðzÞ ¼ 1
2nn!
dn
dzn
ðz2  1Þn:
For 1pmpn; set
Pmn ðzÞ ¼ ð1 z2Þ
m
2
dmPn
dzm
:
For 0pmpn; set
lnm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð2n þ 1Þðn  mÞ!
4pðn þ mÞ!
s
and deﬁne fðþÞnm ;f
ðÞ
nm by
fðþÞnm ¼ lnmPmn eimy;
fðÞnm ¼ lnmPmn eimy:
In particular, fðþÞn0 ¼ fðÞn0 ¼ fn: The functions fð7Þnm are eigenfunctions of the
Laplacian with eigenvalues ln ¼ nðn þ 1Þ: So, the multiplicity of ln is 2n þ 1:
Let f ¼Pn Pm ðaðþÞnm fðþÞnm þ aðÞnm fðÞnm Þ be the Fourier expansion of fAL2ðS2Þ: The
Sobolev Lemma (see, for instance, [17, Theorem 7.6]) says that f belongs to CNðS2Þ
if and only if X
n
ðnðn þ 1ÞÞk
X
m
ðjaðþÞnm j2 þ jaðÞnm j2ÞoN
for any kX0: This condition can be used to deﬁne a norm by the equivalent
formulation
jj f jjk ¼ sup
n;m
jað7Þnm jðnðn þ 1ÞÞ
k
2oN:
For kX0; this deﬁnes a norm jj  jjk on CNðS2Þ: These norms make the space
CNðS2Þ a Fre´chet space.
The linear subspace V spanned by ðfð7Þnm Þ is dense in CNðS2Þ: The Poisson bracket
f; g is a continuous map CNðS2Þ  CNðS2Þ-CNðS2Þ:
We are now ready to deﬁne the quantization map. Set
ptðfðþÞnm Þ ¼ lnmUmt Pmn ðztÞ;
ptðfðÞnm Þ ¼ lnmPmn ðztÞðUt Þm:
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This formula deﬁnes a linear map
pt :V-CðIÞsatZ
in such a way that ptð %fÞ ¼ ptð f Þ; fAV :
Step 2: The map pt extends to a -preserving linear map pt : CNðS2Þ-CðIÞsatZ:
Furthermore, the image of pt is contained in S2t ; and generates S
2
t as a C
-algebra.
Proof of Step 2. Since V is dense in CNðS2Þ; to show pt extends to CNðS2Þ; it is
enough to verify that pt is continuous.
Recall that the (standard) Sobolev k-norm is given by
jjj f jjjk ¼ /Dkf ; fS
1
2; fACNðS2Þ:
The completion of CNðS2Þ with respect to jjj  jjjk is the kth Sobolev space Wk: Since
dim S2 ¼ 2; using again the Sobolev Lemma we have that W2 is continuously
embedded into CðS2Þ: Since fð7Þnm are eigenfunctions with eigenvalues ln; we see that
jjjfð7Þnm jjj2 ¼ ln ¼ nðn þ 1Þ:
Therefore there exists a constant C40 such that
jjfð7Þnm jjpCln;
where the left-hand side is the supremum norm in CðS2Þ:
By construction
jjptðfðþÞnm Þjj ¼ jjlnmUmt Pmn jj ¼ jjlnmPmn jj ¼ jjlnmPmn eimyjj ¼ jjfðþÞnm jjpCln:
Similarly jjptðfðÞn mÞjjpCln: HenceX
n
X
m
½aðþÞnm ptðfðþÞnm Þ þ aðÞnm ptðfðÞnm Þ




pC
X
n
X
m
ðjaðþÞnm j þ jaðÞnm jÞl3n
ln
l3n
pCjj f jj6
X
n
ð2n þ 1Þ 1
l2n
;
for fAVCCNðS2Þ: In other words, there exists a C040 such that
jjptð f ÞjjpC0jj f jj6; fAV :
Therefore pt extends to a linear map pt : CNðS2Þ-CðIÞsatZ: By construction, pt is
-preserving.
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We now observe that the image ptðCNðS2ÞÞ is contained in S2t : For, we have that
ptðfð7Þn0 Þ ¼ fnACðIÞCS2t : If m40; then ptðfð7Þnm ÞAC0ðð1; 1ÞÞsatZCS2t :
Finally we show that the linear subspace ptðCNðS2ÞÞ generates the C-algebra S2t :
For this, it is enough to show that the generators zt; zt of S2t belong to ptðCNðS2ÞÞ:
This is obvious, because fð7Þ00 ¼ f0 ¼
ﬃﬃﬃﬃ
1
4p
q
;fð7Þ10 ¼ f1 ¼
ﬃﬃﬃﬃ
3
4p
q
z and fðþÞ11 ¼ﬃﬃﬃﬃ
3
8p
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 z2
p
eiy; and 1 ¼ ptð
ﬃﬃﬃﬃﬃ
4p
p ÞfðþÞ00 ; zt ¼ ptð
ﬃﬃﬃﬃ
4p
3
q
fðþÞ10 Þ; and zt ¼ ptð
ﬃﬃﬃﬃ
8p
3
q
fðþÞ11 Þ:
Step 3: It remains to prove the Correspondence Principle (CP).
Proof of Step 3. Since pt and the Poisson bracket are continuous with respect to the
Fre´chet topology, we only have to check the CP for f ; gACNðS2Þ: We need a bit of
preparation.
Let pðzÞ be a polynomial of degree d: The Fourier expansion of pðzÞzm is of the
form
pðzÞzm ¼ pðzÞð1 z2Þm2 eimy ¼
Xdþm
n¼0
aðþÞnm f
ðþÞ
nm :
Then pðzÞð1 z2Þm2 ¼Pdþmn¼0 aðþÞnm ð1 z2Þm2 dmPndzm : Therefore
pðpðzÞzmÞ ¼
Xdþm
n¼0
aðþÞnm ptðfðþÞnm Þ
¼
Xdþm
n¼0
aðþÞnm U
m
t ð1 z2Þ
m
2
dmPn
dzm
¼Umt
Xdþm
n¼0
aðþÞnm ð1 z2Þ
m
2
dmPn
dzm
 !
¼Umt ð1 z2Þ
m
2pðzÞ:
Similarly
pðpðzÞzmÞ ¼ pðzÞð1 z2Þm2 ðUt Þm:
This means that it is enough to verify the CP for elements pðzÞzm; qðzÞzmAV :
Claim. For any integer k and a nonnegative integer m; the path t/ð1 ðfkt ðzÞÞ2Þ
m
2 in
BðL2ðS2ÞÞ is differentiable at t ¼ 0; and
d
dt
ð1 ðfkt ðzÞÞ2Þ
m
2 ¼ mkzð1 z2Þm2 :
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Proof. By induction, we can prove for nonnegative k; the equality
1 ðfkt ðzÞÞ2 ¼ ð1 z2Þ
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ:
From this
ð1 ðfkt ðzÞÞ2Þ
m
2 ¼ ð1 z2Þm2
Yk
j¼1
ð1þ tfj1t ðzÞ þ t jðftzÞÞ
m
2 :
Thus
ð1 ðfkt ðzÞÞ2Þ
m
2  ð1 z2Þm2
¼ ð1 z2Þm2
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
m
2  1
" #
¼ ð1 z2Þm2
Qk
j¼1 ð1þ tfj1t ðzÞ þ tfjtðzÞÞm  1Qk
j¼1ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
m
2 þ 1
24 35:
Notice that
Qk
j¼1 ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
m
2 þ 1X1 for zAI : Consequently
1Qk
j¼1ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
m
2 þ 1



p1:
We have that
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
 !m
1
¼
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ  1
 ! Xm1
c¼0
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
 !c0@ 1A:
As t-0;
Pm1
c¼0 ð
Qk
j¼1ð1þ tfj1t ðzÞ þ tfjtðzÞÞÞc-m; and
Yk
j¼1
ð1þ tfj1t ðzÞ þ tfjtðzÞÞ
m
2 þ 1-2 in CðIÞ;
while Qk
j¼1ð1þ tfj1t ðzÞ þ tfjtðzÞÞm  1
t
- 2kz:
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Thus,
½1 ðfkt ðzÞÞ2
m
2  ð1 z2Þm2
t
-mkzð1 z2Þm2 ;
that is,
f1 ðfkt ðzÞÞ2g
m
2  ð1 z2Þm2
t
 mkzð1 z2Þm2



- 0:
Apply the automorphism akt to the formula above to get
½1 ðfkt ðfkt ðzÞÞÞ2
m
2  ð1 zðfkt ðzÞÞ2Þ
m
2
t
 mkðfkt ðzÞÞð1 ðfkt ðzÞÞ2Þ
m
2




¼ ½1 ðf
k
t ðzÞÞ2
m
2  ð1 z2Þm2
t
þ mkðfkt ðzÞÞð1 ðfkt ðzÞÞ2Þ
m
2



- 0:
Obviously jjðfkt ðzÞÞð1 ðfkt ðzÞÞ2Þ
m
2  zð1 z2Þm2 jj- 0:
Therefore
½1 ðfkt ðzÞÞ2
m
2  ð1 z2Þm2
t
 ðkÞmzð1 z2Þm2



- 0:
Thus the claim is proved. &
It is easy to check that if p is a polynomial, then the path t/pðfkt ðzÞÞ in CðIÞ is
differentiable at t ¼ 0; and
d
dt
ðpðfkt ðzÞÞÞjt¼0 ¼ kp0ðzÞðz2  1Þ:
We now compute the Poisson brackets of various elements. First of all,
fpzm; qzkg ¼ pfzm; qgzk þ zmfp; qgzk þ zmfp; zkgq þ pfzm; zkgq:
By construction, fp; qg ¼ 0; fzm; zkg ¼ mkzm1zk1fz; zg ¼ 0; and fzm; qg ¼
mzm1fz; qg: Since fz; zg0 ¼ iz; we have fz; qg ¼ ið1 z2Þzq0: Thus
fpzm; qzkg ¼ ið1 z2Þ½mpðzÞq0ðzÞ  kp0ðzÞqðzÞzmþk:
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By a similar computation,
fpzm; qzkg
¼ ið1 z2Þ½mpðzÞq0ðzÞ þ kp0ðzÞqðzÞð1 z2Þkzmk  2izpqmkð1 z2Þkzmk;
when mXkX0:
By the skew-symmetry of the Poisson bracket and of the commutator of
operators, and the fact that pt is -preserving, it is enough to verify the CP in two
cases: We have Case 1 where f ¼ pzm; g ¼ qzk; and Case 2 where f ¼ pzm; g ¼ qzk:
Case 1: We have
ptðpzmÞptðqzkÞ ¼Umt pðzÞð1 z2Þ
m
2Ukt qðzÞð1 z2Þ
k
2
¼Umþkt Ukt pðzÞð1 z2Þ
m
2Ukt qðzÞð1 z2Þ
k
2
¼Umþkt pðfkt ðzÞÞð1 ðfkt ðzÞÞ2Þ
m
2Ukt qðzÞð1 z2Þ
k
2:
As in the proof of the claim, it follows that
pðfkt ðzÞÞ½1 ðfkt ðzÞÞ2
m
2
¼ pðzÞð1 z2Þm2 þ t½kð1 z2Þp0ðzÞð1 z2Þm2 þ pðzÞðmkzÞð1 z2Þm2  þ Oðt2Þ:
Therefore,
ptðpzmÞptðqzkÞ ¼Umþkt pðzÞð1 z2Þ
mþk
2 qðzÞ
þ tUmþkt ½kð1 z2Þp0ðzÞqðzÞ  mkzpðzÞqðzÞð1 z2Þ
mþk
2 þ Oðt2Þ:
Similarly we have
ptðqzkÞptðpzmÞ ¼Umþkt qðzÞð1 z2Þ
mþk
2 pðzÞ
þ tUmþkt ½mð1 z2ÞpðzÞq0ðzÞ  mkzpðzÞqðzÞð1 z2Þ
mþk
2 þ Oðt2Þ:
Then
½ptðpzmÞ; ptðqzkÞ
it
¼ 1
i
Umþkt ½kp0ðzÞqðzÞ  mpðzÞq0ðzÞð1 z2Þð1 z2Þ
mþk
2 þ OðtÞ
¼ iUmþkt ½mpðzÞq0ðzÞ  kp0ðzÞqðzÞð1 z2Þð1 z2Þ
mþk
2 þ OðtÞ:
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On the other hand
ptðfpzm; qzkgÞ ¼ pt½ið1 z2Þðmpq0  kp0qÞzmþk
¼ iUmþkt ð1 z2Þðmpq0  kp0qÞð1 z2Þ
mþk
2 :
Therefore, as t-0; we have
½ptðpzmÞ; ptðqzkÞ
it
 ptðfpzm; qzkgÞ



-0:
Case 2: We now consider f ¼ pzm; g ¼ qzk (here without loss of generality we may
assume mXkX0).
ptðpzmÞptðqzkÞ ¼Umt ð1 z2Þ
m
2pðzÞqðzÞð1 z2Þk2ðUt Þk
¼Umkt Ukt ðð1 z2Þ
mþk
2 pðzÞqðzÞÞðUt Þk
¼Umkt ½1 ðfkt ðzÞÞ2ðUt Þkpðfkt ðzÞÞqðfkt ðzÞÞ:
As in the proof of the claim,
ð1 ðfkt ðzÞÞ2ÞðUt Þkpðfkt ðzÞÞqðfkt ðzÞÞ
¼ pðzÞqðzÞ þ ½ðm þ kÞkzpðzÞqðzÞð1 z2Þmþk2 þ ð1 z2Þmþk2 p0ðzÞkðz2  1ÞqðzÞ
þ ð1 z2Þmþk2 pðzÞkðz2  1Þq0ðzÞ þ Oðt2Þ:
Then,
ptðpzmÞptðqzkÞ ¼ Umkt pðzÞqðzÞð1 z2Þ
mþk
2
þ tUmkt ½ðm þ kÞkzpðzÞqðzÞ  kð1 z2Þp0q  kð1 z2Þpq0ð1 z2Þ
mþk
2 þ Oðt2Þ:
As for ptðzkÞptðzmÞ; we have
ptðzkÞptðzmÞ ¼ qðzÞð1 z2Þ
k
2ðUt ÞkUmt pðzÞð1 z2Þ
m
2
¼Umkt ðUt ÞmkqðzÞð1 z2Þ
k
2Umkt pðzÞð1 z2Þ
m
2
¼Umkt qðfðmkÞt ðzÞÞ½1 ðfðmkÞt ðzÞÞ2
k
2 pðzÞð1 z2Þm2 :
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Since
qðfðmkÞt ðzÞÞ½1 ðfðmkÞt ðzÞÞ2
k
2
¼ qðzÞð1 z2Þk2 þ t½ðm þ kÞq0ðzÞðz2  1Þð1 z2Þk2
þ qðzÞkðm  kÞðzÞð1 z2Þk2 þ Oðt2Þ:
Thus,
ptðzkÞptðzmÞ ¼Umkt qðzÞpðzÞð1 z2Þ
mþk
2 þ Umkt ½ðm  kÞq0ðzÞpðzÞð1 z2Þ
 kðm  kÞzpðzÞqðzÞð1 z2Þmþk2 þ Oðt2Þ:
Therefore,
1
it
½ptðpzmÞ; ptðqzkÞ ¼ 1
i
Umkt ½ðmk þ k2 þ km  k2ÞzpðzÞqðzÞ  kð1 z2Þp0q
þ ðk  m þ kÞq0pð1 z2Þð1 z2Þmþk2 þ OðtÞ
¼ 1
i
Umkt ½2kmzpðzÞqðzÞ  kð1 z2Þp0q
þ  mq0pð1 z2Þð1 z2Þmþk2 þ OðtÞ:
We have
ptðfzmÞ; qzkgÞ ¼ iUmkt ½2mkzpq  kð1 z2Þp0q  mð1 z2Þpq0ð1 z2Þ
mþk
2 :
Finally, as t-0; we have
½ptðpzmÞ; ptðqzkÞ
it
 ptðfpzm; qzkgÞ



-0:
This completes the proof of Theorem 5.2. &
6. A deferred proof
In this section we give a proof of Proposition 4.4.
Lemma 6.1. Let ðBtÞ be a continuous field of unital C-algebras over ½0; dÞ: If p is a
projection in B0; then there exists a continuous section ðptÞ of projections for 0ptoe
such that p0 ¼ p:
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Proof. First, take a continuous section ðp0tÞ of self-adjoint elements such that p00 ¼ p:
Since t/jjp0t  ðp0tÞ2jj is continuous, there exists an e40 such that jjp0t  ðp0tÞ2jjo14 for
toe; so that the spectra of p0t do not contain 12: Hence the function f deﬁned by
f ðsÞ ¼ 0 if sp
1
2
;
1 if s41
2
(
is continuous on the spectra of p0t: So the element pt ¼ f ðp0tÞ is an element of Bt;
which is a projection, because f is real-valued and f 2 ¼ f : Moreover, the
correspondence t/f ðp0tÞ is a continuous section. &
Lemma 6.2. Let u be a unitary in B0; homotopic to 1AB0: Then there exists a
continuous section of unitaries ðutÞ such that u0 ¼ u:
Proof. Since u is homotopic to 1, there exist self-adjoint að1Þ;y; aðkÞAB0 such that
u ¼ expðiað1ÞÞ?expðiaðkÞÞ (see, e.g., [18, Chapter 4, Appendix D]). There exist
continuous self-adjoint sections a
ð1Þ
t ;y; a
ðkÞ
t such that a
ðjÞ
0 ¼ aðjÞ: Then ut ¼
expðiað1Þt Þ?expðiaðkÞt Þ is the desired section. &
Proof of Proposition 4.4. Suppose that the equality
n1½pð1Þt  þ?þ nk½pðkÞt  ¼ 0
holds for t ¼ 0: By renumbering ðpðjÞt Þ if necessary, we can assume the n1;y; nj40
and njþ1;y; nko0: We have
n1½pð1Þ0  þ?þ nj ½pðjÞ0  ¼ ðnjþ1Þ½pðjþ1Þ0  þ?þ ðnkÞ½pðkÞ0 :
We claim that
n1½pð1Þt  þ?þ nj½pðjÞt  ¼ ðnjþ1Þ½pðjþ1Þt  þ?þ ðnkÞ½pðkÞt 
holds for 0ptoe:
By the deﬁnition of addition in K0; the both sides of the equality above are
represented by projections. Therefore it is sufﬁcient to verify the case where k ¼
2; n1 ¼ 1; n2 ¼ 1: So suppose that ðptÞ; ðqtÞ are continuous sections of projections
such that ½p0 ¼ ½q0 in K0ðB0Þ: Then by the deﬁnition of K0 there exists a projection
r in a matrix algebra over B0 such that
p0
r
0
0@ 1A and q0 r
0
0@ 1A are
equivalent. Hence in a bigger matrix algebra MnðB0Þ there exists a unitary u
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such that
p0
r
0
0B@
1CA ¼ u q0 r
0
0B@
1CAu:
By considering
u
u
 
in M2kðB0Þ; we can assume that u is homotopic to 1. By
Lemma 6.1, extend r to a continuous section of projections ðrtÞ; and by Lemma 6.2,
extend u to a continuous section of unitaries.
Now we have two continuous sections of projections:
pt
rt
0
0B@
1CA; u qt rt
0
0B@
1CAu:
By continuity, there exists an e40 such that
pt
rt
0
0B@
1CA u qt rt
0
0B@
1CAu



o1
for toe: Then
pt
rt
0
0@ 1A; u qt rt
0
0@ 1Au are equivalent. Therefore
pt
rt
0
0B@
1CA
264
375 ¼ qt rt
0
0B@
1CA
264
375:
Consequently,
½pt þ ½rt ¼ ½qt þ ½rt:
Hence ½pt ¼ ½qt for 0ptoe:
This completes the proof of Proposition 4.4. &
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